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Interacting agegraphic dark energy models in non-flat universe
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A so-called “agegraphic dark energy”, was recently proposed to explain the dark energy-dominated
universe. In this Letter, we generalize the agegraphic dark energy models to the universe with spatial
curvature in the presence of interaction between dark matter and dark energy. We show that these
models can accommodate wD = −1 crossing for the equation of state of dark energy. In the limiting
case of a flat universe, i.e. k = 0, all previous results of agegraphic dark energy in flat universe are
restored.
I. INTRODUCTION
The dark energy problem constitute a major puzzle
of modern cosmology. A great variety of cosmological
observations suggest that our universe is currently un-
dergoing a phase of accelerated expansion likely driven
by some unknown energy component whose main feature
is to possess a negative pressure [1]. Although the nature
of such dark energy is still speculative, an overwhelming
flood of papers has appeared which attempt to describe
it by devising a great variety of models. Among them
are cosmological constant, exotic fields such as phantom
or quintessence, modified gravity, etc, see [2] for a recent
review. Recently, a new dark energy candidate, based
not in any specific field but on the holographic principle,
was proposed [3, 4]. According to the holographic princi-
ple, the number of degrees of freedom of physical systems
scale with their bounding area rather than with their vol-
ume [5]. On these basis, Cohen et al. [6] suggested that
in quantum field theory a short distance cutoff is related
to a long distance cutoff due to the limit set by forma-
tion of a black hole, which results in an upper bound on
the zero-point energy density. The extension of the holo-
graphic principle to a general cosmological setting was
addressed by Fischler and Susskind [7]. Following this
line, Li [8] argued that zero-point energy density could
be viewed as the holographic dark energy density satisfy-
ing ρD ≤ 3c2m2p/L2, the equality sign holding only when
the holographic bound is saturated. Here c2 is a constant,
the coefficient 3 is for convenience, L is an IR cutoff and
m2p = (8piG)
−1. The holographic models of dark energy
have been proposed and studied widely in the literature
[9, 10, 11, 12]. It is fair to claim that simplicity and rea-
sonability of holographic model of dark energy provides
more reliable frame to investigate the problem of dark
energy rather than other models proposed in the litera-
ture [13]. For example the coincidence problem can be
easily solved in some models of holographic dark energy
[14].
More recently, a new dark energy model, called age-
graphic dark energy (ADE) was proposed by Cai [15].
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This model is based on the uncertainty relation of quan-
tum mechanics together with the gravitational effect in
general relativity. Following the line of quantum fluctua-
tions of spacetime, Karolyhazy et al. [16] argued that the
distance t in Minkowski spacetime cannot be known to a
better accuracy than δt = βt
2/3
p t1/3 where β is a dimen-
sionless constant of order unity. Based on Karolyhazy
relation, Maziashvili discussed that the energy density of
metric fluctuations of the Minkowski spacetime is given
by [17]
ρD ∼ 1
t2pt
2
∼ m
2
p
t2
, (1)
where tp is the reduced Planck time. Throughout this
Letter we use the units c = ~ = kb = 1. Therefore one has
lp = tp = 1/mp with lp and mp are the reduced Planck
length and mass, respectively. The agegraphic dark en-
ergy model assumes that the observed dark energy comes
from the spacetime and matter field fluctuations in the
universe [18, 19]. The agegraphic models of dark energy
have been examined [20, 21, 22] and constrained by var-
ious astronomical observations [23].
On the other hand, lacking a fundamental theory, most
discussions on dark energy rely on the fact that its evo-
lution is independent of other matter fields. Given the
unknown nature of both dark matter and dark energy
there is nothing in principle against their mutual inter-
action and it seems very special that these two major
components in the universe are entirely independent. In-
deed, this possibility is receiving growing attention in the
literature [24, 25] (see also [26, 27] and references therein)
and appears to be compatible with SNIa and CMB data
[28]. Furthermore, the interacting holographic dark en-
ergy models have also been extended to the universe with
spacial curvature [13, 29].
Besides, it is generally believed that inflation practi-
cally washes out the effect of curvature in the early stages
of cosmic evolution. However, it does not necessarily
imply that the curvature has to be wholly neglected at
present. Indeed, aside from the sake of generality, there
are sound reasons to include it: (i) Inflation drives the
k/a2 ratio close to zero but it cannot set it to zero if
k 6= 0 initially. (ii) The closeness to perfect flatness de-
pends on the number of e-folds and we can only spec-
ulate about the latter. (iii) After inflation the absolute
2value of the k/a2 term in the field equations may in-
crease with respect to the matter density term, thereby
the former should not be ignored when studying the late
universe. (iv) Observationally there is room for a small
but non-negligible spatial curvature [30]. For instance,
the tendency of preferring a closed universe appeared in
a suite of CMB experiments [31]. The improved precision
from WMAP provides further confidence, showing that a
closed universe with positively curved space is marginally
preferred [32]. In addition to CMB, recently the spa-
tial geometry of the universe was probed by supernova
measurements of the cubic correction to the luminosity
distance [33], where a closed universe is also marginally
favored.
In the light of all mentioned above, it becomes obvious
that the investigation on the interacting agegraphic dark
energy models in the universe with spacial curvature is
well motivated. In this Letter, we would like to gener-
alize, following [13], the agegraphic dark energy models
to the universe with spacial curvature in the presence
of interaction between the dark matter and dark energy.
We will also show that the equation of state of dark en-
ergy can accommodate w = −1 crossing. The plan of the
work is as follows: In section II, we study the original age-
graphic model of dark energy in a non-flat universe where
the time scale is chosen to be the age of the universe. In
section III, we consider the new model of agegraphic dark
energy while the time scale is chosen to be the conformal
time instead of the age of the universe. Finally, in section
IV we summarize our results.
II. THE ORIGINAL ADE IN NONFLAT
UNIVERSE
The original agegraphic dark energy density has the
form (1) where t is chosen to be the age of the universe
T =
∫
dt =
∫ a
0
da
Ha
, (2)
where a is the scale factor and H = a˙/a is the Hubble
parameter. Thus, the energy density of the agegraphic
dark energy is given by [15]
ρD =
3n2m2p
T 2
, (3)
where the numerical factor 3n2 is introduced to param-
eterize some uncertainties, such as the species of quan-
tum fields in the universe, the effect of curved space-time
(since the energy density is derived for Minkowski space-
time), and so on. The dark energy density (3) has the
same form as the holographic dark energy, but the length
measure is chosen to be the age of the universe instead
of the horizon radius of the universe. Thus the causality
problem in the holographic dark energy is avoided [15].
The total energy density is ρ = ρm + ρD, where ρm
and ρD are the energy density of dark matter and dark
energy, respectively. The total energy density satisfies a
conservation law
ρ˙+ 3H(ρ+ p) = 0. (4)
However, since we consider the interaction between dark
matter and dark energy, ρm and ρD do not conserve sep-
arately; they must rather enter the energy balances
ρ˙m + 3Hρm = Q, (5)
ρ˙D + 3HρD(1 + wD) = −Q. (6)
Here wD is the equation of state parameter of agegraphic
dark energy and Q denotes the interaction term and can
be taken as Q = 3b2Hρ with b2 being a coupling con-
stant. This expression for the interaction term was first
introduced in the study of the suitable coupling between
a quintessence scalar field and a pressureless cold dark
matter field [24]. In the context of holographic dark en-
ergy model, this form of interaction was derived from the
choice of Hubble scale as the IR cutoff [14]. Although at
this point the interaction may look purely phenomeno-
logical but different Lagrangians have been proposed in
support of it (see [34] and references therein). Besides,
in the absence of a symmetry that forbids the interaction
there is nothing, in principle, against it. Further, the in-
teracting dark materdark energy (the latter in the form
of a quintessence scalar field and the former as fermions
whose mass depends on the scalar field) has been investi-
gated at one quantum loop with the result that the cou-
pling leaves the dark energy potential stable if the former
is of exponential type but it renders it unstable otherwise
[35]. Thus, microphysics seems to allow enough room for
the coupling; however, this point is not fully settled and
should be further investigated. The difficulty lies, among
other things, in that the very nature of both dark energy
and dark matter remains unknown whence the detailed
form of the coupling cannot be elucidated at this stage.
For the Friedmann-Robertson-Walker (FRW) universe
filled with dark energy and dust (dark matter), the cor-
responding Friedmann equation takes the form
H2 +
k
a2
=
1
3m2p
(ρm + ρD) , (7)
where k is the curvature parameter with k = −1, 0, 1
corresponding to open, flat, and closed universes, respec-
tively. A closed universe with a small positive curvature
(Ωk ≃ 0.02) is compatible with observations [30]. If we
introduce, as usual, the fractional energy densities such
as
Ωm =
ρm
3m2pH
2
, ΩD =
ρD
3m2pH
2
, Ωk =
k
H2a2
, (8)
then the Friedmann equation can be written
Ωm + ΩD = 1 + Ωk. (9)
Using Eq. (3), we have
ΩD =
n2
H2T 2
. (10)
3Differentiating Eq. (10) and using relation Ω˙D = Ω
′
DH ,
we reach
Ω′D = ΩD
(
−2 H˙
H2
− 2
n
√
ΩD
)
, (11)
where the dot is the derivative with respect to the cosmic
time and the prime denotes the derivative with respect
to x = ln a. Taking the derivative of both side of the
Friedman equation (7) with respect to the cosmic time,
and using Eqs. (3), (5), (9) and (10), it is easy to find
that
H˙
H2
= −3
2
(1− ΩD)− Ω
3/2
D
n
− Ωk
2
+
3
2
b2(1 + Ωk). (12)
Substituting this relation into Eq. (11), we obtain the
equation of motion of agegraphic dark energy
Ω′D = ΩD
[
(1− ΩD)
(
3− 2
n
√
ΩD
)
−3b2(1 + Ωk) + Ωk
]
. (13)
Inserting Ωk = 0 = b, this equation reduces to Eq. (12)
of Ref. [15]. Using Eqs. (3) and (6), as well as Eq. (10),
we can obtain the equation of state parameter for the
interacting agegraphic dark energy
wD = −1 + 2
3n
√
ΩD − b2Ω−1D (1 + Ωk). (14)
The total equation of state parameter is given by
wtot =
p
ρ
=
ΩD
1 + Ωk
wD. (15)
For completeness, we give the deceleration parameter
q = − a¨
aH2
= −1− H˙
H2
, (16)
which combined with the Hubble parameter and the di-
mensionless density parameters form a set of useful pa-
rameters for the description of the astrophysical observa-
tions. Substituting Eq. (12) in Eq. (16) we get
q =
1
2
− 3
2
ΩD +
Ω
3/2
D
n
− 3
2
b2 +
1
2
Ωk(1− 3b2). (17)
It is worth noting that in the absence of interaction be-
tween dark energy and dark matter, b2 = 0, from Eq.
(14) we see that wD is always larger than −1 and cannot
cross the phantom divide wD = −1. In addition the con-
dition n > 1 is necessary to derive the present accelerated
expansion [15]. However, the situation is changed as soon
as the interaction term is taken into account. In this case
(b2 6= 0), from Eq. (14) one can easily see that wD can
cross the phantom divide provided 3nb2(1+Ωk) > 2Ω
3/2
D .
If we take ΩD = 0.72 and Ωk = 0.02 for the present time,
the phantom-like equation of state can be achieved only if
nb2 > 0.4. The best fit result for agegraphic dark energy
which is consistent with most observations like WMAP
and SDSS data, shows that n = 3.4 [23]. Thus, the
condition wD < −1 leads to b2 > 0.12 for the coupling
between dark energy and dark matter. For instance, if we
take b2 = 0.15 we get wD = −1.05. This indicates that
one can generate phantom-like equation of state from
an interacting agegraphic dark energy model in the uni-
verse with any spacial curvature. Putting Ωk = 0 in Eqs.
(14) and (17), these equations reduce to their respective
equations of original interacting agegraphic dark energy
model in flat universe [18]. The original interacting age-
graphic dark energy has laso some interesting features.
From Eq. (14), it is easy to see that wD < −1 is neces-
sary in the early time where ΩD → 0, while in the late
time where ΩD → 1 (Ωk ≃ 0), we have wD > −1 for
nb2 < 0.67 and wD < −1 for nb2 > 0.67.
It is important to note that in the absence of inter-
action, the original agegraphic dark energy model has
a drawback to describe the matter-dominated universe
in the far past where a ≪ 1 and ΩD ≪ 1. On one side,
from Eq. (14) with b2 = 0 we have wD → −1 as ΩD → 0.
This means that in the matter-dominated epoch the age-
graphic dark energy behaves like a cosmological constant.
On the other side, Eq. (13) with b2 = 0, ΩD ≪ 1 and
Ωk ≪ 1 approximately becomes
dΩD
da
≃ ΩD
a
(
3− 2
n
√
ΩD
)
, (18)
which has a solution of the form ΩD = 9n
2/4. Substi-
tuting this relation into Eq. (14) with b2 = 0, we get
wD = 0. Therefore, the dark energy behaves as pres-
sureless matter. Obviously, pressureless matter cannot
generate accelerated expansion, which seems to rule out
the choice t = T . Thus there is a confusion in the orig-
inal agegraphic dark energy model. This issue is similar
to the holographic dark energy model when choosing the
Hubble parameter as the IR cutoff [4]. It was argued
by Pavon and Zimdahl that the problem can be solved
as soon as an interaction between the dark energy and
dark matter is taken into account [14]. Similarly, in the
agegraphic model of dark energy the inconsistency in the
original version can be removed with the interaction be-
tween dark energy and dark matter. To see this, consider
the matter-dominated epoch where a ≪ 1 and ΩD ≪ 1
for interacting agegraphic dark energy. In this case Eq.
(13) with Ωk ≪ 1 approximately becomes
dΩD
da
≃ ΩD
a
(
3− 2
n
√
ΩD − 3b2
)
, (19)
which has a solution of the form ΩD = 9n
2(1 − b2)2/4.
Substituting this relation into Eq. (14), we obtain
wD = −b2
(
1 +
4
9n2(1 − b2)2
)
. (20)
Therefore for b 6= 0 we have wD < 0, and the agegraphic
model of dark energy can generate accelerated expansion.
4The presence of the spatial curvature does not seriously
modify the above discussion. Thus, the confusion in the
original agegraphic dark energy model without interac-
tion is removed. Nevertheless, Wei and Cai [19] proposed
a new model of agegraphic dark energy to resolve the
contradiction in the far past of original non-interacting
agegraphic dark energy model.
III. THE NEW MODEL OF ADE IN NONFLAT
UNIVERSE
As we argued the original agegraphic dark energy
model has some difficulties [15]. Therefore one may seek
for another agegraphic dark energy model. Wei and
Cai proposed a new model of agegraphic dark energy
[19], while the time scale is chosen to be the conformal
time η instead of the age of the universe, which is de-
fined by dt = adη, where t is the cosmic time. It is
worth noting that the Karolyhazy relation δt = βt
2/3
p t1/3
was derived for Minkowski spacetime ds2 = dt2 − dx2
[16, 17]. In the case of the FRW universe, we have
ds2 = dt2 − a2dx2 = a2(dη2 − dx2). Therefore, it is
more reasonable to choose the time scale in Eq. (3) to be
the conformal time η [19]. Taking this into account, the
energy density of the new agegraphic dark energy can be
written
ρD =
3n2m2p
η2
, (21)
where the conformal time is given by
η =
∫
dt
a
=
∫ a
0
da
Ha2
. (22)
If we write η to be a definite integral, there will be an in-
tegral constant in addition. Thus, we have η˙ = 1/a. Let
us again consider a FRW universe with spatial curvature
containing the new agegraphic dark energy and pressure-
less matter. The Friedmann equation can be written
H2 +
k
a2
=
1
3m2p
(ρm + ρD) , (23)
where can be rewritten as
Ωm +ΩD = 1 + Ωk. (24)
The fractional energy density of the agegraphic dark en-
ergy is now given by
ΩD =
n2
H2η2
. (25)
We can also find the equation of motion for ΩD by taking
the derivative of Eq. (25). The result is
Ω′D = ΩD
(
−2 H˙
H2
− 2
na
√
ΩD
)
. (26)
Taking the derivative of both side of the Friedman equa-
tion (23) with respect to the cosmic time t, and using
Eqs. (5), (21), (24) and (25), we obtain
H˙
H2
= −3
2
(1− ΩD)− Ω
3/2
D
na
− Ωk
2
+
3
2
b2(1 + Ωk). (27)
Substituting this relation into Eq. (26), we obtain the
evolution behavior of the new agegraphic dark energy
Ω′D = ΩD
[
(1− ΩD)
(
3− 2
na
√
ΩD
)
−3b2(1 + Ωk) + Ωk
]
. (28)
The equation of state parameter of the interacting new
agegraphic dark energy can be obtained as
wD = −1 + 2
3na
√
ΩD − b2Ω−1D (1 + Ωk), (29)
Again we see that wD can cross the phantom divide
provided 3nab2(1 + Ωk) > 2Ω
3/2
D . Taking ΩD = 0.72,
Ωk = 0.02, and a = 1 for the present time, the phantom-
like equation of state can be achieved only if nb2 > 0.4.
The joint analysis of the astronomical data for the new
agegraphic dark energy gives the best-fit value (with 1σ
uncertainty) n = 2.7 [23]. Thus, the condition wD < −1
leads to b2 > 0.15 for the coupling between dark energy
and dark matter. For instance, if we take b2 = 0.2 we get
wD = −1.07. The deceleration parameter is now given
by
q = −1− H˙
H2
=
1
2
− 3
2
ΩD +
Ω
3/2
D
na
−3
2
b2 +
1
2
Ωk(1− 3b2). (30)
Comparing Eqs. (27)-(30) with Eqs. (12), (13), (14) and
(17) in the previous section, we see that the scale factor
a enters Eqs. (27)-(30) explicitly. In the late time where
a → ∞ and ΩD → 1, from Eq. (29) with b2 = 0 we
have wD → −1; thus the new agegraphic dark energy
mimics a cosmological constant in the late time. Let us
now consider the matter-dominated epoch where a ≪ 1
and ΩD ≪ 1. In this case Eq. (28) with b2 = 0 and
Ωk ≪ 1 approximately becomes
dΩD
da
≃ ΩD
a
(
3− 2
na
√
ΩD
)
. (31)
Solving this equation we find ΩD = n
2a2/4. Substi-
tuting this relation into Eq. (29) with b2 = 0, we ob-
tain wD = −2/3. On the other hand, in the matter-
dominated epoch, H2 ∝ ρm ∝ a−3. So
√
ada ∝ dt = adη.
Thus η ∝ √a. From Eq. (3) we have ρD ∝ a−1. Putting
this in conservation law, ρ˙D + 3HρD(1 + wD) = 0, we
obtain wD = −2/3. Substituting this wD in Eq. (29)
with b2 = 0 and Ωk ≪ 1 we find that ΩD = n2a2/4
as expected. Therefore, all things are consistent. The
5confusion in the original agegraphic dark energy model
does not exist in this new model. These results are re-
gardless of the value of n. Again one can see that in
the absence of interaction between dark energy and dark
matter, b2 = 0, wD in Eq. (29) is always larger than
−1 and cannot cross the phantom divide. However, in
the presence of interaction, b2 6= 0, it is quite possible
that wD cross the phantom divide. In the limiting case
Ωk = 0, Eqs. (28)-(30), restore their respective equations
in interacting new agegraphic dark energy model in flat
universe [19].
IV. CONCLUSIONS
There is a wide consensus among cosmologists that the
universe has entered a phase of accelerated expansion
likely driven by dark energy. However, the nature and
the origin of such dark energy is still the source of much
debate. Indeed, until now we don’t know what might be
the best candidate for dark energy to explain the accel-
erated expansion. Therefore, cosmologists have attended
to various models of dark energy by considering all the
possibilities they have. In this regard, based on the un-
certainty relation of quantum mechanics together with
the gravitational effect in general relativity, Cai proposed
an agegraphic dark energy model to explain the acceler-
ation of the cosmic expansion [15]. However, the origi-
nal agegraphic dark energy model had some difficulties.
In particular it fails to describe the matter-dominated
epoch properly [15]. Thus, Wei and Cai [19] proposed
a new model of agegraphic dark energy, while the time
scale is chosen to be the conformal time η instead of the
age of the universe. In this Letter, we extended these
agegraphic dark energy models, in the presence of inter-
action between dark energy and dark matter, to the uni-
verse with spatial curvature. Although it is believed that
our universe is spatially flat, a contribution to the Fried-
mann equation from spatial curvature is still possible if
the number of e-foldings is not very large [9]. Besides,
some experimental data has implied that our universe
is not a perfectly flat universe and recent papers have
favored the universe with spatial curvature [30]. We ob-
tained the equation of state for interacting agegraphic
energy density in a non-flat universe. When the inter-
action between dark matter and agegraphic dark energy
is taken into account, the equation of state parameter of
dark energy, wD, can cross the phantom divide in the
universe with any spacial curvature.
In interacting agegraphic models of dark energy, the
properties of agegraphic dark energy is determined by the
parameters n and b together. These parameters would be
obtained by confronting with cosmic observational data.
In this work we just restricted ourselves to limited ob-
servational data. Giving the wide range of cosmological
data available, in the future we expect to further con-
strain our model parameter space and test the viability
of our model.
Finally I would like to mention that, as we found, the
spatial curvature does not seriously modify the qualita-
tive picture of the interacting agegraphic dark energy
models but it may however affect the time of onset of
the acceleration. For an open universe (Ωk < 0) the
acceleration sets in earlier whereas in a closed universe
(Ωk > 0) the accelerated phase is delayed.
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